Abstract. In this paper, we prove that the family of Fano threefolds with Picard number one is birationally unbounded.
1. Introduction. Definition 1.1. Let X be a projective variety. X is said to be a Fano variety, if
(1) X has Q-factorial log terminal singularities,
Fano varieties play an important role in the classification theory of algebraic varieties. The following is an interesting conjecture which has motivated a lot of work in this area.
Conjecture 1.2 (Borisov, Alexeev). The family of all Fano varieties of a given dimension
with log discrepancy greater than ǫ, where ǫ is an arbitrary given positive real number, is bounded.
Cones over rational curves of degree d have log discrepancy 2 d . These cones form an unbounded family. So it is not true that the family of all Fano varieties of fixed dimension form a bounded family, we need some hypothesis on the log discrepancy. Conjecture (1.2) has been resolved in the affirmative in the case of smooth Fano varieties [6] , [9] and in the case of Fano threefolds with Picard number one and terminal singularities [5] . A.Borisov [1] , [2] considered the case of Fano threefolds with given global index. Z.Ran and H.Clemens [10] proved a boundedness theorem for Fano unipolar n-dimensional varieties. Kollar, Miyaoka, Mori and Takagi [7] have completed their boundedness Theorem on Fano threefolds with canonical singularities. However, although Conjecture 1.2 is justified by the above results, it has not even been resolved in dimension three.
It has been speculated that n-dimensional Fano varieties of Picard number one are birationally bounded. We find this is not the case. In fact, we prove the following result.
Main Theorem. The family of Fano threefolds with Picard number one is birationally unbounded.
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2. Conic bundles.
Definition 2.1. Let X −→ S and X ′ −→ S ′ be Mori fibre spaces. A morphism in the Sarkisov Category, that is, a birational map f : X X ′ is said to be square if there exists a
where g is a birational map.
V.G.Sarkisov [11] proved that if X −→ S and X ′ −→ S ′ are two conic bundles, with X −→ S satisfying certain conditions, then every birational map f : X X ′ is square. A.Corti, see Theorem (4.2) of [3] , generalized Sarkisov's theorem. He proved the following result.
Theorem (Corti [3] ). Let X −→ S be a standard conic bundle. Let ∆ ⊂ S denote the discriminant of the conic bundle, and assume that 4K S + ∆ is quasieffective. If X ′ −→ S ′ is another Mori fibre space, then every birational map ϕ : X −→ X ′ is square.
The following example of conic bundles over P 2 , due to Sarkisov, is the last example of [11] .
Example 2.2. Embed P 2 in projective space by O P 2 (k) for any natural number k 5. Take a line not intersecting the image surface. Let X ′ k be the cone over image of
and that line. Blow-up X ′ k along this line. We obtain a fourfold X k which is a P 2 -bundle over
, where E is a rank 3 vector bundle over P 2 . From the construction, there are three disjoint sections which split E, i.e.
By direct calculation, we have a = 0, b = −k, c = −k. Let L be the anti-tautological divisor on P(E) and let F be the preimage of the generator of Pic(P 2 ) under the standard projection
Then a generic divisor from the linear system |2L + (2k + 1)F | on P(E) is a standard conic bundle over P 2 whose discriminant curve has degree 2k + 3.
Proof. By the Main Theorem of Sarkisov [11] , we know that V k is birationally rigid if k 5, where birationally rigid means that any morphism between V k and other conic bundle is square.
The image of V k in X ′ k is a threefold with Picard number one, and it is Q-factorial with log terminal singularities (indeed its log discrepancy is
is ample, it follows that V ′ k is a Fano threefold with Picard number one. V. A. Iskovskikh [4] has proved that for two equivalent standard conic bundles, the arithmetic genus of the discriminant curve is invariant. So if V k is birational to V l for k, l ≥ 5, then by the Main Theorem of Sarkisov [11] , they must be equivalent. We know that the discriminant curves for V k and V l are plane curves of degree 2k + 3 and 2l + 3, respectively. By the genus formula, we have that k = l.
Proof of the Main Theorem.
Assume that the family of Fano threefolds with Picard number one is birationally bounded. Then there exists a parameter space B and a morphism X −→ B such that for any V k , there exists b k ∈ B such that V k is birationally isomorphic to X b k . Since V k is not birational to V l , the b k 's are distinct and so B contains infinitely many points. Let Z denote the closure of these points. Then we can replace B by an irreducible component of Z, such that it still contains infinitely many points in Z, and the dimension of B is greater than zero. For the generic point η ∈ B, pick a resolution of X η , and replace B by an open neighborhood of η. Therefore we can assume thatX /B is a flat family of smooth projective three-dimensional algebraic varieties over B, whereX /B is a resolution of X /B in a neighborhood of η.
Let K denote the algebraic closure of the function field of B. Consider Since each fiber W x is a conic bundle over Z x for x ∈ V, it follows that each Z x contains a nonempty discriminant curve. These discriminant curves form an algebraic family over V. Hence their arithmetic genera are constant over an open subset of V. According to Lemma 3 of V.A.Iskovskikh [4] , we know that the arithmetic genus of a standard conic bundle is not greater than that of any other equivalent conic bundle. Therefore the arithmetic genera of the discriminant curves of standard conic bundles V k over P 2 are bounded for infinitely many natural numbers k because any nonempty open subset of V contains infinitely many of the b k . However the arithmetic genus of the discriminant curve of the standard conic bundle V k over P 2 is (k + 1)(2k + 1), which is unbounded if k is sufficiently large. This completes the proof.
Remark. J. Kollár and S. Mori, see Theorem 1.2 of [8] , proved a deep Theorem about running the MMP for a flat family of smooth projective three dimensional algebraic varieties over a scheme T . Using this we can also obtain an equidimensional scheme Z/T . In our case we don't need such a strong result because we only need to obtain such a scheme over some open subset. So we gave the argument above instead of using their result.
